A bilinear Airy-estimate with application to gKdV-3 
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Abstract 

The Fourier restriction norm method is used to show local wellposedness 
for the Cauchy-Problem 

ut + Uxxx + {u'^)x = 0, m(0) = m e HxCR.), ^ > ~^ 

for the generalized Korteweg-deVries equation of order three, for short gKdV- 
3. For real valued data uq € L^(R) global wellposedness follows by the conser- 
vation of the L^-norm. The main new tool is a bilinear estimate for solutions 
of the Airy-equation. 



The purpose of this note is to establish local wellposedness of the Cauchy- 
Problem 

Ut + U^xx + {u'^)x = 0, -lt(O) = Mo e i?|(R), S> -I 

6 

for the generalized Korteweg-deVries equation of order three, for short gKdV-3. So 
far, local wellposedness of this problem is known for data uo G iJ|(R ), s > -j^ . This 



was shown by Kenig, Ponce and Vega in 1993, see Theorem 2.6 in [KPV93|. Here 
we extend this result to data uq e H^(R), s > — i. A standard scaling argument 
suggests that this is optimal (up to the endpoint). For real valued data uq G 
we obtain global wellposedness by the conservation of the Z^-norm. 



By t he Fouri er res triction n orm method introduced in [ B93 and further devel- 



oped in | KPV96 | and |GTV97| matters reduce to the proof of the estimate 



\\^xUll^^\\Xs.b'^^I[\\^^^\\x,,b 

2=1 

for suitable values of s, b and b'. Here the space Xg.b is the completion of the 
Schwartz class 5(R^) with respect to the norm 

= (/ ^^^^ < ^ - >"< ^ ' ' 

where denotes the Fourier transform in both variables. The main new tool for 
the proof of (|l|) is the following bilinear Airy-estimate: 
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Lemma 1 Let P denote the Riesz potential of order — s and let It{f, g) be defined 
by its Fourier transform (in the space variable): 



Then we have 



||/4/^(e-*^\i,e-*^^2)|L2 < c\\u,h4ML^- 



Proof: We will write for short u instead of J-xU and J^d(,i for /j^+^j^^'^Ci- 
Then, using Fourier-Plancherel in the space variable we obtain: 



\\lhl{e-*9\,,e-'(>\2)h. 

2 

c Jd(\c\dt ^daia -6i*e'*(«?+«')ui(a)?i2(6) 

2 

2 

c / dm [ d^.dTj^Sir^f + ril - ^ - - 611^ - ^2!)* 17^,(6)^ 

2 



Now we use 5[g{x)) — |g'(L ~ where the sum is taken over all simple 

zeros of g, in our case: 

g(a;)=3e(a;2+C(ei-x)-C?) 

with the zeros xi = ^ ^nd 2^2 = C ^ Ci? hence g'{xi) — 3^2^ ~ C) respectively 
g'{x2) = 3^^ ~ 2a )• So the last expression is equal to 

2 

2 

+ c 1 deiei^darf^i^^^3^'5('7i-(e-a))(ia-6ihi-^2i)^n^^".te)^ 
= c fd( f d(ii[\u,{Ci)\^ + c I di I dawi(6W(6)"2(6)^(a) 

2 2 

< c(nh.i!i2+ii«i«2iii.)<cnii"«iii- 



5 



□ 



Arguing as in the proof of Lemma 2.3 in |GTV97 | we get the following 



Corollary 1 Let b> ^. Then the following estimate holds true: 
\\f^lhu,v)\\^l^<c\\u\\x,,\\v\\x,,. 



In the next Lemma, some well known Strichartz type estimates for the Airy 
equation are gathered in terms of Xs_f,-norms: 
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Lemma 2 For b > ^ the following estimates are valid: 

i) hlLn^x'") ^ cllwllj^^^^, whenever < s = i < i and i = i 

WAL^.iLl) < c||w|lxo,b' whenever 0<i = i- |<i. 



Quotation/proof: Theorem 2.1 in [KPV91| gives in the case of the Airy-equation 

l|e"*^'Mo|lLP(/f|.?) < c||uo||i2, 

q 2 p 



provided 0<s = i<iandi = i- ^. Now Lemma 2.3 in jGTVQ?! is apphed to 



obtain ^ 

< c||u||^^^^, b>- (2) 

for the same values of s, p and q. From this ii) follows by Sobolev's embedding 
theorem (in the space variable). Especially we have 

which, interpolated with the trivial case, gives 

\\uh.^<c\\u\\x,^^, 6>i. 

Now let us see how to replace H^''' by H^''^ in (||) in the endpoint case, i. e. 
s — ^ — J, q = oo: Using the projections p = T~^X{\^\<i}^x and P = Id — p we 
have 

1 <\\Pu\\ 1^ +\\pu\\ 1^ ^-.I + II. 
For / we use (||) to obtain 

I<4l~ijiPu\\xo,,<4n\\Xoy 
while for // by Sobolev's embedding theorem we get 

// < c|b"||^,^^|+.4^ < 4pu\\xx+,t, ^ 4u\\xo,b- 

This gives i) in the endpoint case, from which the general case follows by interpo- 
lation with Sobolev's embedding theorem (in the time variable). □ 

Remark: The endpoint case in ii) is also valid - see e. g. Lemma 3.29 in |KPV93| 
- but we shall not make use of this here. 

Now we are prepared to prove the crucial nonlinear estimate: 

Theorem 1 For 0>s>— i, — i<6'<s — i and b > ^ the estimate is valid. 
Proof: Writing /^(C, t) =< t - >''< ^ >^ Tu^{^, r), 1 < i < 4, we have 

where dv = d^i . .dS^^dri . .dr^ and ''"«) ~ (d''')- Now the domain of integra- 

tion is devided into the regions A, B and C = (A U BY , where in A we assume 
\imax\ < c. (Here £,niax is defined by \£,max\ = maxf^;^ similarly imm-) Then for 
the region A we have the upper bound 

4 4 
i=l ' 4=1 

where in the last step Lemma ^ , part ii), with p — q — 8 was applied. 

Besides |^m,aa:| > c (=>< ^max >< c\£,max\) wc shall assumc for the region B that 
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i) l^mml < 0-9Q\£,max\ Or 

ii) l^minl > 0-99|^maa;|j and there are exactly two indices i £ {1,2,3,4} with 

Then the region B can be splitted again into a finite number of subregions, so that 
for any of these subregions there exists a permutation tt of {1, 2, 3, 4} with 

4 

1^1 < >' n < Cl?^(l)+C7r(2)l^l^^(l)-C^(2)l^ < C^(3) ^^(4) ■ 

Assume t: ^ id for the sake of simplicity now. Then we get the upper bound 

= c\\{lill{J^u^,J^U2)){J-iu3){J~iu4)\\x,,, 
To estimate the latter expression, we fix some Sobolev- and Holderexponents: 

i) ^ = i-5'sothatif(L2)cXo,,s 

ii) ^ = ^ - i = -b', 

iii) 1 = 5^1 = 5 + ^' SO that by Lemma 1 1| JpullLHiJ) ^ j^^^^, 

iv) e = i + ^ > i (since s > ^ + b') so that i/^^' C i;^. 
Now we have 

\\{lh^{J^u,,J^U2)){J-'^us)iJ-'2u,)\\x„,, 

< cWili I^iJ'u,, J'u2)){J-iu3){J-iui)\\^.of^L2j 

< c||/i/I(J^^.i,J^U2)L2j|J-fu3||iP(ioo)||J~fj.4L?(L^=o). 

Now by Lemma 0the first factor can be controlled by c||ui||j^ f,ll'"2|lx ^, while for 
the second we have the upper bound 

c|l J--+Vu3||l|'(lJ) = C\\J^J'U3\\^^L%) < clWsWXs.t- 

The third factor can be treated in presicely the same way. So for the contributions 
of the region B we have obtained the desired bound. 

Finally we consider the remaining region C: Here the 1 ^ * ^ 4, are all 
very close together and > c < >. Moreover, at least three of the variables £,i have 
the same sign. Thus for the quantity c.q. controlled by the expressions < r — ^'^ >, 
< Ti — £_f >, 1 < i < 4, we have in this region: 

4 4 
C.q. := \e > < >'> c < ^ 

i=l i=l 

and hence, since s > i + fe' is assumed, 

4 4 



i=l i=l 
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where in the subregion Ci, 1 < i < 4, the expression < — ^j* > is dominant. The 
first contribution can be estimated by 

c||/d^nti <n~^f>-'' Mi^,n)\\^.^^ 

4 4 

= cii nti J'^^hi, < cji wj'^^Wli, < ^Uw^^Wxsy 

i=l 1=1 

where we have used Lemma ^, part ii). For the contribution of the subregion Ci 
we take into account that < ti — >= max{< t — >, < — >, 1 < i < 4}, 
which gives 

4 

<T-e 1^1 < ? n < >"'^ c < n - $3 >^ 

i=l 

So, for this contribution we get the upper bound 

c\\<T-e>'' Jd,^<n- ei >' nti <n-^f>-' M^^,n)\\Ll^ 

4 4 

< cii^-viiLj, n wj'^'^wlu ^ 

i=2 1=1 

Here we have used the dual version of the L^-Strichartz estimate, Holder and the 
estimate itself. For the remaining subregions Ci the same argument applies. □ 

Corollary 2 For s>0, — ^<6'<— ^ and b > ^ the estimate ^ holds true. 

Proof: For s = this is contained in the above theorem, while for s > one 
only has to use < ^ >< cni=i < 6 >• ^ 
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